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ABSTRACT: The use of the thermoelastic martensitic transformation and its reverse transforma-
tion has recently been proposed and demonstrated for several active control applications. However.
the present constitutive models have lacked several important fundamental concepts that are essen-
tial for many of the proposed intelligent material system applications such as shape memory hybrid

composites.

A complete, unified, one-dimensional constitutive model of shape memory materials is developed
and presented in this paper. The thermomechanical model formulation herein will investigate impor-
tant material characteristics involved with the internal phase transformation of shape memory alloys.
These characteristics include energy dissipation in the material that governs the damping behavior,
stress-strain-temperature relations for pseudoelasticity, and the shape memory effect. Some numeri-

cal examples using the model are also presented.

INTRODUCTION

EVERAL books [1-3] and many technical papers have

been devoted to shape memory alloy (SMA) materials.
They describe the fundamental concepts associated with the
martensitic phase transformation characteristics of Nitinol
and other shape memory materials. Because of the particular
characteristics of this material, namely the shape memory ef-
fects (SME) and pseudoelasticity, many applications have
been proposed that can utilize the material’s force or stiff-
ness transduction capabilities [2—4]. Rogers [5] has demon-
strated that SMA materials can be embedded in composite
structures to actively control and modify the dynamic and
structural behavior of SMA hybrid composite materials.
SMA hybrid composite materials have become one of the
important material system configurations of today’s intelli-
gent material systems and structures. This concept is, how-
ever, limited by our present knowledge and understanding of
the behavior and controllability of the shape memory alloy
constituent. An extensive and organized data base of the ma-
terial’s behavior and mechanical/physical characteristics is
desperately needed. The development of a unified and theo-
retical constitutive model appears to be a critical path ele-
ment in the development of SMA based intelligent material
systems and structures.

There are two approaches to establish a constitutive rela-
tion for any material. One is the macroscopic phenomeno-
logical method that requires a significant amount of experi-
mental work; the other is the microscopic physical method
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that derives the constitutive relation from fundamental
physical concepts. The phenomenological approach is often
used in engineering practice; however, it can rarely explain
the physics behind the material’s behavior or character. The
microscopic physical method can successfully provide the
fundamental explanations to different experimental phe-
nomena, however, its numerical predictions and simulations
are often complex and distant from phenomenological obser-
vations.

Besides the conventional treatment to the stress-induced
martensitic phase transformation [1-3,6], Miiller and his col-
leagues proposed another model based on shape memory ef-
fect phenomenology, thermodynamics and statistical phys-
ics [7-11]. For a small lattice, the potential energy ata certain
temperature is schematically shown in Figure 1. There are
two stable minima corresponding to the martensitic twins
and a metastable center for the austenitic state as shown in
Figure 1. The shear length of each layer of the martensitic lat-
tice is denoted by A, and the stable martensitic phases are de-
noted by M. and M_. If an external force P is applied, the total
potential energy is given by ®@ — PA, as shown in Figure 2. At
alower temperature, the material particles lie still in their po-
tential well. The yielding from M. to M. will occur when the
applied external load is so large that the potential barrier on
the left is eliminated. This condition is shown on the top of
Figure 2. The bottom of Figure 2 refers to higher tempera-
tures at which particles are fluctuating about their minima
with a mean kinetic energy that is proportional to the tem-
perature. The height of the pools of the potential wells of Fig-
ure 2 indicates the strength of the fluctuation. The figure in-
dicates that at higher temperatures the yielding from M- to
M. will occur at a lower load than that at lower temperatures.
Ifthere is such a fluctuation, it may be described using statis-
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Figure 1. Potential energy of a lattice vs. shear deformation length

[11].

tical mechanics. Assuming the distribution function of phase
k is Ny in a single lattice, the total deformation D — Do may be
written as:

1
D—Dy = —=(Nu_Am. + Nu, A, + N4AL) (1)

NG

The thermodynamics behind the phase transformation can be
described as: “the energy E tries to minimize by pulling all
particles into the depths of the potential wells and the entropy
S attempts to maximize by distributing the particles evenly
over the available range of shear lengths. In this competition,
it is the free energy,

W=E-TS @)

that achieves a minimum” [11]. The free energy and the dis-
tribution function Ny can be related using statistical mechan-
ics. The minimization of the free energy may give the ex-
plicit expression of D — D, and martensitic volume fraction &
in terms of the applied load and temperature.

Tanaka [12] developed a model in 1982 using a concept
similar to Miiller’s, in which the phase transformation is ba-
sically governed by the minimization of the free energy. The
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Figure 2. Influence of external force and temperature on ®-A rela-
tion [11].

energy equation and Clausius-Duhem inequality are used to
describe the hysteresis associated with the phase transforma-
tion. This model has been used to study superelasticity [13],
pseudoelasticity, and SMA materials [ 14—16], qualitatively.

Tanaka’s model considers a one-dimension metallic mate-
rial of length L that is undergoing either martensitic transfor-
mation or its reverse transformation. The energy balance
equation and Clausius-Duhem inequality in the reference
X-coordinate are expressed as:

. aA‘ur
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where p is the density in the current deformed configura-
tions, o the Cauchy stress, U and .. the internal energy den-
sity and the heat flux from the surroundings, and 7, g, and S
are the temperature, internal heat source, and entropy den-
sity, respectively.

The state variables for the material are stress, strain, tem-
perature, and extent of phase transformation, §, which is de-
fined as the martensite fraction. Since only three of the above
variables are independent, the state variable is defined as:

A

(2,1,8) “

The Helmholtz free energy defined in Equation (2) is a func-
tion of the state variable A. Equations (2) and (4) can be used
to express the Clausius-Duhem inequality in the reference
configuration as a function of the state variable. Because the
SME involves large deformations, the Green strain, £, and
Piola-Kirchhoff stress, o, are used. The new form of the
Clausius-Duhem inequality may be given as:

SETE

0 aT
aT

- Lz ®)
poT po X

where f is the deformation gradient and p, is the density in
the reference configurations. From the thermodynamics of
continuous media, the coefficients of € and T should vanish.
Therefore, the inequality of Equation (5) provides the me-
chanical constitutive equation as:

'Y
5= po ‘;—E = 0(5.T.£) ©)

From the above equation, the rate form of the mechanical
constitutive equation is obtained as:
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where D is the Young’s modulus, ® the thermoelastic tensor,
and Q the transformation tensor, a metallurgical quantity.
These material properties derived from thermomechanics
are given as:

LGP LIRS
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Assuming an exponential form for the relation of martensite
fraction and temperature during the phase transformations,
and using the relation given in Equation (7), Tanaka studied
the stress-strain behavior of SMA materials qualitatively.
The martensite fraction during the phase transformation is of
the following form:

‘EMﬂA = exp[A‘,(T— As )+ BaO']

)]
Eare = 1—exp[d,(T — M, )+ Bno]

where A,, An, B., and B,, are material constants in terms of the
transition temperatures, 4, A, M, and M, etc.

Based on the potential and deflection relations, as shown
in Figures 1 and 2, and thermomechanical free energy con-
cepts, Niezgodka, Sprekels, and Hoffman [17-21] suggested
a dynamic model for SMA materials. Like Tanaka’s model,
their model uses the same governing equations including the
energy equation and Clausius-Duhem inequality. The only
difference is that instead of solving the governing equations,
Tanaka gives an explicit equation in terms of stress, strain,
temperature, and martensite fraction, whereas Niezgodka,
Sprekels, and Hoffmann actually solve the governing equa-
tions by assuming an expression of free energy in terms of
strain and temperature.

These models essentially explain the physical nature of
the shape memory effect associated with the martensitic
phase transformations. However, most of these models can-
not be applied easily in mechanical engineering design and
computations. These models do give a good qualitative as-
sessment but generally require thermomechanical parame-
ters that are either impractical or difficult to measure.

Cory and McNichols have developed a thermomechanical
model based on so-called non-equilibrium thermostatics
(NET) systems [22-24]. If a thermodynamic system under-
goes an equilibrium path, which means that every position of
the path must correspond to an equilibrium state, the process
is required to take place very slowly (i.e., quasi-static). Such
processes are likewise reversible. Since shape memory al-
loys involve and irreversible phase transformation and have
macroscopic hysteric characteristics, their thermodynamics
paths are described by a non-equilibrium thermostatic pro-
cess. For NET systems, instead of using the inequality form

of the second law of thermodynamics, a path-dependent heat
generation term is introduced and the newly modified second
law of thermodynamics is given as:

TdS = dQ+7TdS (10)

where dQ is the path-dependent heat into the system,
whereas the newly introduced term dS is the internally gener-
ated entropy change for a differential path element relating
directly to the energy dissipation of the hysteresis. Cory and
McNichol summarized the following points [20]:

1. All thermodynamic paths of force, length of SMA wire,
and temperature (FLT) in its state space are limited within
a bounded volume.

2. The surface of the bounded volume is the asymptotic
boundary of the paths.

3. All observed paths are one of two types, each type having
a characteristic “direction” in state space. The two types
are defined as AM (austenite to martensite) and MA
(martensite to austenite). Therefore, as shown in Figure 3,
the surfaces of the bounded volume are distinguished as
AM and MA surfaces.

4. The direction of the path is related to the increase or de-
crease of a new state variable Z defined especially for the
NET system. The “history” dependence of SMA state
variables (FLT) is completely determined by the FLT lo-
cation (called Fo, Lo, and To) of the last change in the sign
of the differential dZ and is independent of the history of
the system prior to that time.

5. The initial slope of each single controlled state variable

TATE BOUNDARY
SURFACE

Figure 3. Schematic diagram of nitinol (helix) state space [24].
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Figure 4. Schematic isothermal cut of nitinol state space [24].

path is nearly the same and is tangent to a set of Z surfaces
in FLT space.

6. There exist reversible paths in the FLT space that form a
surface of constant Z value.

Figure 4 gives a schematic isothermal cut of the SMA state
space from which the phenomenological equations of the
stress-strain curves can be determined. First, the AM surface
is given by:

Faa(LT)= (a— )L+ (b+g)T-N  (11)

where BAM represents the “boundary surface of the marten-
sitic phase transformation”. The MA surface is given by:

Fana(L,T)= Fpas(L,T)— h (12)

where BMA represents “boundary surface of the MA trans-
formation”. The Z surface, which is tangent to the initial
slope, is described by:

Z=al+bT—F (13)

The stress-strain AM path is phenomenologically described
by:

gl —T.)— f(L- L)
Fpas — Fr

Foar — F = (Feas — Fe)exp

(14)

where the history variables (L., T, F\), correspond to the
minimum Z at Z,= Z(L., T, f;), and the subscript x of Fzusand

F indicate their corresponding values at (L, 7)). For the
stress-strain curve of the MA path, the equation is expressed
as:

g8To = T)— f(Lo — L)

F — Fpvy = (F — Fo)ex
v = (Famao 0 ) exp Fo — Fom

(15)

where (Lo, To, Fo), correspond to the maximum Z at Z, = Z(Lo,,
To, Fo), and the subscript “0” of F4 and F indicate their cor-
responding values at (Lo, To). In the above equations, a, b, g, £,
h, and N are measurable material constants. Besides the
stress-strain relations, this model has been used to predict the
thermodynamic path behavior, heat dissipation and other
thermodynamic parameters. However, the SME behavior is
directly related to the martensitic phase transformation. Co-
ry’s model does not consider the phase transformation as the
internal driving force that results in the hysteresis. The state
variable, Z, also lacks a physical explanation (probably re-
lated to the martensite/austenite fraction). Cory’s model de-
scribes only the one-dimensional stress-strain relation of
SMA. The other phase transition characteristics, such as the
recovery effects, have not been modeled.

Based on the work of Tanaka, Niezgodka and Sprekel, and
others, we believe that the stress, strain, temperature, and
martensite fraction provide a complete set of state variables
for SMA systems. Tanaka’s rate form of the constitutive
equation, Equation (7), is of a relatively simple form and yet
is derived from a fundamental thermodynamic point of view.
This equation will be used as our basic governing equation.
In order to develop a time-independent model rate form of
the constitutive equation, Equation (7) is integrated with re-
spect to time and yields what is called the unified constitutive
relation as:
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0—00=D(E-%)+O(T-T)+Q(¢&—-&0)
(16)

where variables with subscript “0” correspond to the initial
conditions. It is assumed that the material properties are con-
stant here.

EXPERIMENTAL PHENOMENOLOGY

Since the stress-induced martensitic phase transformation
is one of the most important characteristics of SMA materi-
als, it is necessary to start our model from the phase transfor-
mation relations and the effects of stress on the phase trans-
formations.

As illustrated in Figure 5, the martensite fraction changes
as a function of temperature under a free stress condition.
The four important temperature parameters in the figure are:
martensite finish temperature (), martensite start tempera-
ture (M;), austenite start temperature (4;), and austenite fin-
ish temperature (4,). There are two types of SMA materials:
one has the typical £-T'relation as shown in Figure 5 in which
A; > M, while the other type is characterized by 4 < M.
Since most commercially available SMA materials belong to
the first category, only the first type of SMA materials are
considered in this paper.

Unlike Tanaka’s model in which he described the &-T'rela-
tion with an exponential function as expressed in Equation
(9), we have selected a cosine function to describe the §-T're-
lation. The two equations describing the martensite fraction
during the M — 4 and M — A transformation under free
stress conditions are assumed to have the following forms:

E= -;—{cos [a.(T— 45)]+ 1} (17

and for the M — A transformation

&= _;{COS[QM(T_Mf)'f"l} (18)

where the two material constants a4 and ay, are determined
from:

as = al(A; — A,)
19)

/My — M)

am

Ifthe M — A transformation starts from a state that has mixed
austenite and martensite phases, denoted by (&xs, Thy), it is as-
sumed that there will be no new austenite phase during the
heating process until the temperature is higher than 4,. For
temperatures above A4; the transformation is described by:

E= %Ai {cos[a (T — A;)]+ 1} (20)

For &,,= 1, Equation (20) becomes simply Equation (17).
Similarly, if M — A transformation starts from (4, 7), there
will be no new martensite phase until it is cooled to a tem-
perature lower than M,, and the transformation from M, to M,
is described by:

1—2§A cos [am(T — M)+ L+

£ = 1)

The three transition temperatures, M, M, 4;, are linearly re-
lated to the applied stress as shown in Figure 6. However, the
change of 4;is more complicated. To simplify the model, it is
assumed that the A/line is straight and parallel to the others as
shown in Figure 6. Two other material constants that indicate
the influence of stress on the transition temperatures are
given by:

1.2
ME As
I
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=
g
g
- 0.6F kY
‘_:’ cooling “  heating
§ 0.4}
H
3
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ok .
Ms Af
025 5 10 15 20 25 30 35
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Figure 5. Martensite fraction vs. temperature.
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Figure 6. Transition temperatures vs. stress.

Cy = tan (a)
(22)
Ca

I

tan (B)

where a and § are shown in Figure 6, and it is observed that
C4= Cp. Combining both Figures 5 and 6, it can be seen that
the martensite-temperature hysteresis loop will move to the
left if external stresses are applied. This movement is re-
flected in Equations (20) and (21) by adding a stress induced
phase transition term, which gives the relation for the M — A4
transformation as:

E= %4 {cos[as(T — A;)+ byo)+ 1} (23)

and for the M — A transformation the expression is:

1'25/‘ cos [an(T — M, )+ byo] + % (24)

&=

where the two new material constants are:

b,; = —aA/CA
(25)

]

bM —aM/CM

Since the variables for the cosine function in the above equa-
tions are limited to the range 0 to 7, the stress range in which
the M — A transformation may occur can be derived as:

CA(T - As)—%SUSCA(T— 4,)  (26)

and the corresponding stress range for the reverse transfor-
mation is given by:

Cu(T — Mf)—ﬁSUSCM(T" My) (27
M

CONSTITUTIVE MODELING OF THE SHAPE
MEMORY EFFECT

Shape memory alloys may be used in several geometric
forms and utilize various transduction principles for active
control applications. One approach is to use SMA wire or fi-
ber as distributed force actuators. SMA force actuators are
first elongated at a low temperature and then unloaded to
generate some martensitic residual strain; upon heating the
wire, the martensitic residual strain will be restored. The
shape memory recovery generally falls into one of the fol-
lowing categories. First is free recovery in which there is no
external load on the wire and, therefore, no work. The second
category includes fully restrained “recovery”. In this case,
the martensitic residual strain of the SMA wire is restrained
from being restored to its original length. This restraint
causes large internal “recovery” stress to be generated. The
third category is called controlled recovery. In this case,
some residual martensitic strain is restored (the restored part
is called the recovery strain), but the wire is still under some
tension that is required to prevent full recovery of the resid-
ual strain. The following models may be applied to any of
these three categories.

Stress and Strain Relations

The constitutive model presented in this paper considers only
one-dimensional system, therefore the material will often be re-
ferred to as wire or fiber. To give the constitutive relations for
the SME, we must first consider the stress-strain relations that
provide the initial conditions for the recovery process.

Now, consider a piece of SMA wire undergoing an isother-
mal mechanical loading and unloading. It is assumed that the
surrounding temperature is below A, so there is no pseudoelas-
tic effect. The initial state of a piece of SMA wire can range
from all martensite to all austenite, depending on the heat pro-
cessing and the ambient temperature. Here, we consider only
the case that has loading and unloading temperatures between
M; and A4; and 100 percent austenite before loading. To achieve
a stress induced martensitic phase, the applied stress must be in
the stress range given by Equation (27). In Equation (16), for the
isothermal process, there is no 7'term, and £ is zero if the stress
is less than Cp(T — M), as given in Equation (27). After taking
the integration with time and applying the initial conditions that
are zero stress, strain and full austenite, Equation (16) changes
into the following form:

o= D¢ (28)

The linear elastic stress limit &, and its corresponding strain
€:in are defined as:
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T
Cu(T = My)— — = Cu(T = M,)
| bm|

Oiin =
(29)
Elin = 6/1’11 /D
The experimental results shown in Figures 7 and 8 seem to
verify the relations of Equation (29). Note that the yield
stress shown in Figure 8 is 0.2 percent yield stress, which is
different from the linear elastic stress limit defined here.
When the applied stress becomes greater than g, , there
will be stress induced martensite; Equation (16) now be-
comes:
G-Go=D(E—5)+Q(E—&o) (30)
with the initial conditions, To = G/, €0 = E5in, and £, = 0. Equa-
tion (30) then simply becomes:

291

o=De+QE 31)

Together Equations (29), (31) and (24) yield the stress-strain
curve. To determine the value of Q from the mechanical en-
gineering point of view, which is concerned with the crystal-
lographic volume change due to transformation and is a
well-defined physical quantity in metallurgy, it is necessary
to consider the unloading process at £ = 1. Since the ambient
temperature is below A;, there is no pseudoelasticity—it is a
linear martensitic elastic unloading. If the loading continues
after the martensitic phase transformation finishes (where
£=1), itis a linear elastic loading defined by the martensitic
elastic modulus and it continues until the stress reaches the
second yield strength where permanent martensitic slip
(plastic strain) occurs, as shown in Figure 9. The constitutive
equations given here can describe the stress-strain relations
up to the second yield point.
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Figure 7. Stress vs. elongation (Ms = 15°C) [3].
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After unloading at£ = 1, the martensitic residual strain (the
unloaded phase is completely deformed martensite), €., can
be derived as:

(32)

_ Q
Eres = -
D
This residual strain, which corresponds to the completely de-

formed martensitic phase, is the maximum recoverable
strain. Experimental results have shown that this maximum

STRESS

E= L /
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|
|

|
|
|
|
| /
/B Ew ! STRAIN

Figure 9. Typical stress-strain relationship of SMA.

recoverable martensitic strain, or recovery strain limit, is al-
most a constant between M;and 47, at which point it is im-
possible to induce martensite by stress. The recovery strain
limit, &, is therefore considered a temperature-independent
material constant; it has the following relation with Q and D:

_ Q
&L =—B (33)

If the unloading occurs before & = 1, the SMA material is
composed of both a completely deformed martensitic phase
and austenite phase. It is assumed here that the austenitic
crystallic deformation contributes only to the elastic defor-
mation. Therefore, the martensitic residual strain can be de-
rived as:

Q
Eres = =& ) (34)

The martensite fraction, £, which is the initial condition for
the recovery process, can be expressed as:

p— D ErﬂS
E=—F. 5) or &= = (35)

L

If the surrounding temperature is below M, there is some
original martensite. (To distinguish the existing undeformed
martensite from the stress induced martensite, the martensite
under the free stress state is called the original martensite.)
The discussion of original and deformed martensite is more
complex. A future paper will be published that will be de-
voted particularly to this subject.

Constitutive Relation of the SME

FREE RECOVERY

For the free shape recovery, the martensitic residual strain,
which is the primary parameter in the determination of re-
covery strain-temperature relations, will appear only in the
constitutive relations as an initial condition. In spite of what
happened in the loading and unloading process, the strain/
shape recovery depends only on the final state of the mate-
rial, namely, the deformed martensite fraction. For the free
recovery, there is no stress. Equation (16) then becomes:

D(E" —E)+O[T-T)+Q(E&—-&)=0 (36)

where the initial conditions are:

€0 = Eres

To = A, (37)
Eres

§o=8&m=—

€L
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This equation ignores the thermal expansion effects that are
negligible in comparison to the recovery effects. Since free
recovery must occur above A;, the austenite start temperature
is set as the initial condition for the temperature. In the above
equation, the martensite fraction is governed by Equation
(23) in which o is zero. Note that the recovery strain is still
measured in reference to the original coordinate X. Equations
(23), (36), and the above initial conditions give the constitu-
tive equation for the free recovery as:

1
EN = Eres ———{@(T— AJ)+9
D 2

X g_'fs—[cos as(T— A45)— 1]} (38)
&L

The material properties D, ©, and €, can be determined ex-
perimentally. The transformation tensor € is then calculated
using Equation (33). The following discussion about the re-
strained recovery will give the method to determine the ther-
moelastic tensor, ©, experimentally.

RESTRAINED RECOVERY

For the restrained recovery, there is no change in strain. As
observed in experiments, the recovery stress, 67, is only a
function of temperature and martensitic residual strain. The
constitutive equation from Equation (16) then becomes:

G -0, =0T -To)+Q(E&—-&o) (39)

The initial state in Figure 5 is (§as, Tar), where Ersis &o, and Ty
can be found from Equation (18) and rewritten as:

T =M, + cos™! [2(Ex — 05)] (40)

am

From Ty, to A, there is no new austenite; the recovery stress-
temperature relation is linear and given by:

=06 =0T~ Tu) (41)

The initial stress, 5, is assumed to be zero at Ty If there is
some stress, the austenite start temperature will be increased
as shown in Figure 6. By defining the new austenite start tem-
perature as A", and combining Equations (41) and (23) at the
transition point where a4 (A — A )+ b40" equals 0, one
obtains the new transition temperature as:

C44; — OTy
Al = ———— 42
C,i—-0© “2)

By substituting this temperature into Equation (41) one ob-
tains the corresponding stress 0, as:

04 =047 - Tn) (43)
If the ambient temperature is higher than A, then there is

new austenite and the constitutive relation has the complete
form of Equation (39). The initial conditions are:

o = 5%
Ty = A7 (44)

50 = §M = Eres/z:[_

The calculation obtained by replacing & with " in Equation
(23), and substituting it and the above initial conditions into
Equation (39), yields the final constitutive equation for the
restrained recovery as:

5" — 5% = O - A7)

Qe
+_
2

5 {cos [as(T = 4,)+ bio"]— 1}
L

(45)

The above stress-temperature relation is not explicit; for a
given temperature, iteration is needed for convergence.
When ambient temperature reaches a certain level, there
will be no stress induced martensite for the M — A transfor-
mation. This temperature is denoted as A 7. In this case, the
recovery stress-temperature relation will be linear:

-0, =0(T~-To) (46)

where T is A7 and 0 is the recovery stressatT = A7, re-
sulting in

or =07 =047 - A;”)+Q(0— E_i)ﬂ?gs

¥4

47

A canbe solved by substituting Equation (47) into Equation
(23) as:

A, — boy + b QEN + bOAT +
A}" _ ay 40 4 4QE N A T (48)
ay +b,4@

Equation (46) indicates that the recovery stress has a linear
relation with temperature after 7 higher than 47 . This point
is observed in the experiment shown in Figure 10. This rela-
tion indicates an approach to determine the thermoelastic
tensor, ©, experimentally. Figure 10 shows the restrained re-
covery stress vs. temperature for different initial strains. It
can be seen that the recovery stress is almost a linear relation
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Figure 10. Recovery stress vs. temperature for different initial strains [3].
with temperature at higher temperatures after the phase o, = 0
transformation has finished. The tangent of that slope is de-
fined as the thermoelastic tensor, ©. Compared with other To = T. (49)
material constants such as D and Q, © is much smaller. We
define the recovery stress, Gy, at temperature, A7, as the Eo = &

maximum recovery stress. It can be determined from the ex-
pression that the maximum recovery stress is a linear func-
tion of the martensitic residual strain or initial strain. Figure
11 shows that the maximum recovery stress vs. martensitic
residual strain is, in fact, linear. Note that all the discussion
presented in this paper is based on the condition that €. is
less than €.

The recovery stress-temperature relations are different for
cooling and heating. The preceding discussion was devoted
to the heating process. Experiments reveal hysteric behavior
for heating and cooling cycles as shown in Figure 12. How-
ever, using the above approach, the mathematical simulation
will in fact describe and predict the complete recovery
stress-temperature hysteresis.

Assume cooling begins when the restrained SMA wire is
heated to some temperature. Before the cooling begins, the
recovery stress-temperature relations are given by Equations
(41), (45) and (46). After cooling starts, which is to say that
an A — M process is initiated, Equation (24) must be used
with Equation (39) to describe the process. In this case, the
initial conditions are:

where the subscript c indicates the initial cooling state. Con-
sidering the effect of stress on M, the reverse phase transfor-
mation will occur at temperature, M ", which is higher than
M,. Before the temperature reaches this transition point,
there is no new martensite. As in solving A" for the heating
process, this transition temperature, M7, and its correspond-
ing stress, 0, can be determined from:

auM; — brC: + by@OT:. + 7
M7 = 50
ay + bM@ ( )

and

The phase transformation occurs for temperatures below
M. Equations (24) and (39) yield the governing equation:
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Gr -0 = O — MM

1—-
+Q 25‘ {cos[am(T — M)+ bya™ ]+ 1}
(52)
120 T T 1 T T T .. . s
Similarly, if the SMA wire is cooled to M7, which is higher
i i than My because of the stress effect, the M «— A transforma-
sook ] tion finishes, and the recovery stress and temperature is again
- a linear relation. M7 and its corresponding stress, o, are
S s 7 calculated from:
8. w L h 214 — m ~
w Oy =OM7 —M)+QU-E&.)+05  (53)
5‘7, o 4
>
% 6 ﬂ and
P - 1 M7 = auM; — b — Q1= &)+ O MY
2 o} ] 4 an + by©
s & 100-MIL ROD (54)
g - e EMLTHICKFOIL -
v 3-MIL THICK FOIL .
20 I 1 The linear recovery stress-temperature relation after the tem-
perature drops below M7 is given by:
. G — 0Oy =0T - M7)+Q(1-E&.) (55)
0 2 4 6 8 10 12 14
INITIAL STRAIN, PERCENT In this section, some new temperature parameters, namely,
Figure 11. Max. recovery stress vs. initial strain (L = 8%) [3]. Al', A7, M7, and M7 are introduced. Like the phase transi-

tion temperatures of the SMA materials, 4y, M, etc., the pa-

rameters are the start and finish temperatures of the phase

transformation under stress. Therefore, in this paper they are

referred to as the mechanical transition temperatures. The re-
80 lations to calculate their corresponding stresses, o', 0y,
G, and 0}, have been derived and explained.

]
o

CONTROLLED RECOVERY

Controlled recovery is defined as the shape memory re-
covery process during which some recovery strain is allowed
during the heating and cooling cycle. Since the martensite
fraction-temperature relation has been described in a piece-
wise continuous fashion, the recovery stress-strain tempera-
ture should also be studied in a similar manner. For the con-
trolled recovery, Equation (16) can be expressed as:

8

Recovery stress, Ksi

n
o

N T T | L
38 66 93 121 149 177 204 Gr—ah, =D(E —E)+OT ~To)+Q(E - &o)
Temperature 'C (56)
Figure 12. Hysteresis of SMA. The controlled recovery process can be subdivided into

two categories defined by their loading mechanism. The first
category assumes that a constant load is applied, e.g., a piece
of elongated SMA wire is loaded by a dead weight. In this
case, Equation (56) is expressed as:

D(r —g)+OT-To)+QE-&)=0 (57
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NN\

Figure 13. Simplified SMA force actuator.

where the stress caused by the dead weight appears in the
martensite fraction term. Transition points can be deter-
mined following the reasoning described in the restrained re-
covery section.

The second loading category assumes that the loading is
proportional to the recovery strain and may be modeled as
SMA-spring structures. Most SMA force actuators [2] can
also be simplified to this model. Consider a spring-SMA sys-
tem as shown in Figure 13. If the spring constant is k, the
length of the SMA wire L, and the cross section area of the
SMA wire s, then the stress-strain relation for the spring is
described by:

kL
G — 05 = — (€ps —€") (58)
s

Substituting this equation into Equation (56) yields:

(1+s-l-)—)(6’ —05)=0(T - 4)+Q(E-&0)
kL
(59

This equation can be handled in the same way as the re-
strained recovery. It should be noted that the stress-
temperature relation as given in Equation (59) is path de-
pendent, and a nonlinear spring will yield very different state

Table 1. Material constants for a copper based SMA.

(MPa) (°C) (MPa/°C)
D Q M, M; A, A Ca Cm
7000 -70 -27 -34 -25 -14 1.5 15

functions and results. In the above equation, § is also gov-
erned by Equation (23) or (24) according to whether the
SMA wire is being heated or cooled.

NUMERICAL EXAMPLE

Based on data given in Reference [17], some numerical
examples will be given here for a copper based alloy. At this
time, because of the lack of experimental results, we cannot
verify our prediction of stress-strain and recovery stress-
strain temperature relations with experimental data. How-
ever, a detailed experimental program to verify this model is
currently in progress and will be published in the near future.
The experimental results that are available do, in fact, show
the same relationships and trends as those predicted with the
model described in this paper.

Table 1 gives the material constants that are required for
our numerical simulations. From the table, the maximum re-
coverable strain, or recovery strain limit, ¢, is found as one
percent from Equation (33).

Figure 14 shows the stress-strain relations predicted for
two temperatures. Great similarities are found when this
prediction is compared with the experimental results
shown in Figure 7. Of course, in order to make the simula-
tion fit the experimental results completely, more work is
necessary. Figure 15 shows the martensite fraction as a
function of stress. It is clearly indicated that for stress less
than 10 MPa, the martensite fraction is described by aus-

stk Ms=-27

Stress (MPa)

o 0002 0008 0006

0008 001 0012 0014 0016

Strain

Figure 14. Prediction of stress-strain relation for a copper based SMA.
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Figure 15. Martensite fraction vs. stress A — M.
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Figure 16. Recovery stress vs. temperature for restrained SMA wire.
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Figure 17. Predicted hysteresis of a copper based SMA with 0.2% initial strain.
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Figure 18. £ vs. 5" and T for a restrained SMA wire with 0.2% initial strain.
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Figure 21. Comparison of G '-T hysteresis between restrained and controlled

recovery.

tenitic elasticity. Martensitic elasticity appears to be domi-
nant for stresses greater than 22 MPa for the testing tem-
perature of —20°C.

The recovery stress vs. temperature of arestrained wire for
three different initial strains is shown in Figure 16. Here, @ is
assumed to be 0.1 MPa/°C. This result is very similar to the
experimental results shown in Figure 10. Figure 17 shows
the calculated SMA hysteresis for the heating and cooling
process. Again this demonstrates that our simulation does fit
the experimental phenomena. As illustrated in Figure 18, the
martensite fraction changes as a function of stress and tem-
perature for a restrained wire with 0.2% initial strain, which
corresponds to 20% of initial deformed martensite [see
Equation (35)].

Figure 19 illustrates the recovery strain vs. temperature for
the free recovery using three different initial strains. Since
there is no stress to affect the phase transformation, the free
recovery processes start at 4; and end at A;.

Figure 20 shows the recovery strain vs. temperature for
different levels of applied stress. This is a simulation of the
constant loading scenario. Once again, the model correlates
well with the experimental phenomenological observations.
For SMA-spring structures, the recovery stress-temperature
hysteresis is shown in Figure 21.

CONCLUSIONS

This paper describes a unified, thermomechanical consti-
tutive model based on Tanaka’s early work. A more accurate
equation is proposed to fit the martensite fraction and tem-
perature relations in order to quantitatively predict the
stress-strain relation and shape memory behavior. This im-
proved model more accurately predicts the experimental ob-
servations using the most basic material constants that are re-
quired to completely describe the behavior of shape memory

alloys. Besides the stress-strain relation, this paper focuses
more on the SME and will eventually provide a theoretical
guide to the design of SMA based intelligent materials and
structures. The theory has demonstrated the ability to model
the observed experimental phenomena; the numerical exam-
ples presented correlated very well with the experimental ob-
servations.

Further work will concentrate on incorporating experi-
mental observations into the theory. Temperature dependent
material constants and even the martensite fraction depend-
ent material properties will be considered in order to develop
better prediction and analysis capabilities as well as to de-
velop the multi-dimensional constitutive relations for shape
memory alloys.

NOMENCLATURE

A austenite phase

Ay As  austenite finish and start temperatures
A7, A7 mechanical austenite finish and start tem-
peratures
material constants (Cory’s model)
material constants associated with the tem-
perature induced phase transformation
material constants associated with the stress
induced phase transformation
material constants related to the influence of
stress on the phase transformation
D elastic modulus
E energy
force
k spring constant
L length of SMA wire or spring as specified
specific lengths
M martensite phase

a b fgh

aq, am
ba, b

Cs, Cut



My M,
M7 M

Natoy Nagy N4

Q
q, qsur

=r
O My

Superscripts

Subscripts
A

Af
As

c
S
L

lin
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martensite finish and start temperatures
mechanical martensite finish and start tem-
peratures

distribution function

heat

internal heat source and heat flux from the
surroundings

entropy density

cross section area of SMA wire or fiber
temperature

initial state temperatures of SMA

internal energy density

reference coordinate

new state variables in Cory’s model

shear length of each layer of martensitic lat-
tice

engineering strain

Green strain

recovery Green strain

max. recoverable strain or recovery strain
limit

linear elastic strain limit

martensitic residual strain

thermoelastic tensor

generalized state variable

martensite fraction

initial martensite fractions of SMA

mass density in the deformed configura-
tion

mass density in the reference configuration
engineering stress

Piola-Kirchhoff stress

linear elastic stress limit

recovery stress

stress corresponding to A

stress corresponding to A7

stress corresponding to M7

stress corresponding to M

potential energy of SMA lattice
transformation tensor

recovery
mechanics

austenite
austenite finish
austenite start
cooling

finish

limit

linear

M  martensite
Mf martensite finish
Ms martensite start
res residual
s Sstart
sur surroundings
0 initial condition
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